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This paper considers a problem proposed by Bellman in 1970: given a con- 
tinuous kernel K(x, y) defined on I x I, find a pair of continuous functions f 
and g such that f (x) + g(y) > K(x, y) on I x I and J-I (f + g) is minimum. The 
notion of basic decomposition of K is defined, and it is shown that whenever 
K(x, y) or K(x, a + b - y), I = [o, b], admits a basic decomposition, Bellman’s 
problem has a unique differentiable solution, provided Kis differentiable. Explicit 
formulas for such solutions are given. More generally, there are kernels which 
admit basic decompositions on subintervals which can be “pasted together” to 
define a unique piecewise differentiable solution. 
INTRODUCTION 
In its simplest form, Bellman’s problem is to find two continuous functionsf 
and g defined on I = [a b] such that: 
f(x) L g(y) 3 K(x, Y> on 1 x 1 for a given continuous kernel function 
W-v, ~1, (1) 
and 
F(fP g> = .i; (f + g) is minimum. 
Clearly, if we add any constant to f and subtract the same constant from g, 
condition (1) will still hold and the value of the functional F will not change. In 
order to remove this indeterminance we add a third condition (normalization 
condition): 
.r, f f- *,g. (3) 
DEFINITIONS. (f, g) is called an admissible pair on 1 iff (f, g) is a pair of 
continuous functions and -f(x) + g(y) ;; K(x, y) on I x I. An admissible pair 
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on I which minimizes the functional F is called a minimal pair on I. The opera- 
tors T1 and T2 are defined as follows: 
and 
(I;f) (4 = SUPPqX, Y) - f(Y):. 
YEI 
A pair (f, g) is called a stationary pair on 1 iff f -= T,g and g = T1 f on 1. In 
dealing with symmetric kernels, we will customarily say that “f is a fixed point 
of IS’ rather than (f,f) is a stationary pair of K. 
Chattopadhyay [2] observed that every minimal pair is stationary, and propo- 
sed the following algorithm which converges in some cases to a solution of 
Bellman’s problem: 
Start with an admissible pair (fO , g,,), and construct the sequence ((fn+r , 
grid wheref,+, = t (fn + Tzg,) and gn+r == $(gn + T1fn). If K is symmetric 
this iterative scheme becomes: 
Start with an admissible pair (f,, ,f,,), and construct the sequence {jTL,rj 
where fn+r =L; $(fn + Tf,), T = T1 = TZ . 
The following theorem is the main result in Chattopadhyay’s paper. 
THEOREM 1. The sequence (( fn , g,)} constructed by the above iteratizje scheme 
is a decreasing sequence of admissible pairs which converges to a stationary pair. 
THEOREM 2. If K is symmetric and i.K(x, x) is ajxed point of K then it is the 
unique fixed point of K. 
Proof. Let f(x) be any fixed point of K. Then, f(x) + f(y) >, K(x, y) 
and f =: Tf. From the inequality we have f(x) > +K(x, x). Thus, 
I%% y) - f(Y) < 0, Y) - NY, Y). 
This implies, f(x) < +K(x, x). Therefore, f(x) = +K(x, x). 
EXAMPLE 1. K(x, y) = my. This example is in Chattopadhyay’s paper with 
I z [0, 11. It is clear that 
for any interval 1. 
Then, $K(x, X) = $x’~ is a fixed point of xy on any interval 1. By Theorem 2, 
it is the unique fixed point. Hence it must be the limit of any sequence 
constructed by Chattopadhyay’s algorithm with symmetric starting data. 
The following example shows that as little as a change of sign in the kernel 
K(x, y) = xy makes a totally different problem. The kernel -zcy has infinitely 
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many fixed points and Chattopadhyay’s algorithm is almost certain to converge 
to one of an infinitude of nonminimal fixed points. 
EXAMPLE 2. K(x, y) = --xy, I == [0, 11. We start with f,(x) : t( $ - x), 
t E [0, 11 and note that since t - tx - ty + xy > t(l -- x - y + xy) =: 
t(l - x) (1 - y) 3 0, (f, , fO) is an admissible pair on 1 for all t E [0, I]. 
With these starting data it can be shown that Chattopadhyay’s algorithm pro- 
duces a sequence in whichi, 1 t/2 and fJ1) = -t/2 for all n. In the limit 
we get a fixed point ft with f,(O) :: t,/2 and Ql) == -t/2. Clearly, all these 
fixed points are different. Thus, the functional equation f = Tf has infinitely 
many solutions. The values t = 0, t = 1, and t =: i are particularly interesting. 
For t = 0 and t = 1 we get 0 and i- - X, respectively, which are the unique 
linear fixed points of my on [0, 11. For t = 3, ~Jx) = $9 - x + $, which is 
the unique minimal fixed point on [0, I] among differentiable functions. The 
last assertion follows from the results in the next section. 
PROPERTIES OF MINIMAL PAIRS 
In this section we study some general properties that will yield the solution 
of Bellman’s problem in closed form for a number of different kernels. We 
consider only the functional F(f, g) = s,(f + g). Unless otherwise noted, it 
will be assumed that I =- [a, b]. 
THEOREM 3. If (f(x), g(y)) is a stationary (minimal) pair for the kernel 
qx, y) thn 
(a> M4j c&9) zs a stationary (minimal) pair for the kernel cK(x, y) for 
any positive constant c, 
(b) (f(x) + P(X), Ad + Q(Y)) is a stationary (minimal) pair for the kernel 
K(x, Y) i P(X) + q(y), 
(c) (f(x), g(b + a - y)) is a stationary (minimal) pair for the kernel 
K(x, ZJ + a - Y>, 
(d) (f (b + a - x), g(y)) is u stationary (minimal) pair for the kernel 
K@ + a - x, Y), 
(e) (f (b + a - x), g(b + a - y)) is a stationary (minim&) pair for the 
kernel K(b + a - x, b + a - y). 
Thus, there is a unique solution for K(x, y) @ th ere is a unique solution for each 
of the kernels cK(x, y), K(x, y) + p(x) + q(y), K(x, b + u - y), K(b + u - 
x,y),andK(b+u-x,b+a-y). 
Proof. The proof is omitted, since the verification is straightforward. 
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THEOREM 4. Let K be symmetric. If there is a minimal pair, there is a sym- 
metric minimal pair. 
Proof. Suppose (f, g) is minimal for K. Then, by symmetry, so is (g, f) and 
therefore f( f, g) -t- B(g, f) = (4 h), h = 4(f + 6). 
DEFINITIONS. Let us denote by X(f, g) the number slf + l,g, which we 
will call the “norm” of (f, g). An admissible pair (f, g) is said to provide a 
“basic decomposition of K(x, y)” iff f (x) $- g(x) =K(x, x). If there exists such 
(f, g) we will say that K(x, y) admits a basic decomposition. 
THEOREM 5. (a) For any admissible pair (f, g), N(f, g) is no less than 
max{ J, K(x, x) dx, sI K(x, b + a -- x) dx). 
(b) If the admissible pair (f, g) pc fovides a basic decomposition of K, it is a 
minimal pair. 
Proof. It is clear. 
THEOREM 6. Suppose K is d@erentiable and there exists a differentiable 
admissible pair (f, g) for which N(f, g) = sI K(x, x) dx. Then, 
(a) (f, g) provides a basic decomposition of K, 
(b) (f, g) is the unique dL$ferentiable minimal pair, and 
(cl f’(x) = Kz(x, x) and g’(y) = K,(Y, y). 
If the pair obtained by solving these equations is not admissible, then the norm of 
every stationary pair exceeds JI K(x, x) d x and K has no basic decomposition. 
Proof. Let (f, g) be a differentiable minimal pair, for which N(f, g) = 
s, K(x, X) dx. Then 
and since f (x) + g(x) > K(x, x), the integrand is continuous and nonnegative, 
and hence it must be identically zero. Thus it gives a basic decomposition of K. 
From f(x) + g(y) > K(x, y) we subtract f(x) + g(x) = K(x, X) to obtain 
g(y) - g(x) >, K(x, y) - K(x, x). Fix x and let y > X. Then 
l?(Y) - g(x) > K(x, Y) - K(x, 4 
Y-X y - x 
and taking the limit as y tends to X, we have 
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Similarly, if y < x then dividing by y - x gives the reverse inequality and in 
the limit as y tends to x, we have 
$$k(Y) - &MY - 4) G K&7 4 
This shows that if g is differentiable at the point x, we must have 
g’(x) == Kv(x, x). 
A similar argument shows that if f is differentiable at x, 
f’(x) = Kz(x, 4. 
These conditions determine f and g up to a pair of additive constants. The con- 
stants are found by the normalization condition and the condition that 
f(x) + g(x) = K(x, x). Thus if a basic decomposition of K exists, it is unique 
and can be found by integrating the given expressions for f’ and g’. 
COROLLARY 1. If in addition K is symmetric, the basic decomposition of K 
is (f, f) where f(x) = $K(x, x). 
Proof. Symmetry of K implies f’ = g’, whence f (x) = g(x) + c and c = 0 
if (f, g) is normalized. Then f = g. The definition of a basic decomposition now 
implies f(x) = &K(x, x). 
COROLLARY 2. Suppose K is d$erentiable and tK(x, x) + (1 - t) K(y, y) 3 
K(x, y). Then, (tK(x, 4 (1 - t> WY, Y)) is th e unique minimal pair of K (up to a 
constant). 
Proof. N(tK(x, x), (1 - t) K(y, y)) = j, K(x, x) dx and since (tK(x, x), 
(1 - t) K(y, y)) is a differentiable pair, by the theorem we conclude that 
(tK(x, 4, (1 - t) WY, Y>> is th e unique minimal pair (up to a constant) of K. 
The corresponding unique normalized minimal pair is (tK(x, x) + c, (1 - t) 
K(y, y) - c), where 
c =+ ,(l -2t)K(y,y)dy. 
i 
COROLLARY 3. Suppose K is daperentiable and symmetric and &K(x, x) f 
$K(y, y) 3 K(x,y). Then, ~K(x, x) is the unique fixed point of K. 
Proof. By Corollary 2 with t = J, ($K(x, x), iK(y, y)) is a minimal pair. 
Thus, ~K(x, x) is a fixed point of K. Hence, by Theorem 2, it is the unique 
fixed point. 
THEOREM 7. If the kernels Kl ,..., K, admit basic decompositions (fi , gi) 
then f = z:,” cifi and g = C,” cigi z’s a basic decomposition of the kernel 
K = C: ciKi , for any set of positive constant ci . 
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Proof. fi(x) + gJy) 2 K,(x, y). Then, since ci > 0, 
f(x) + g(y) = f Cifi(X> + i W(Y) b k’(x, Y>. 
1 1 
Moreover, 
Hence, (f, g) gives a basic decomposition of K. 
EXAMPLE 3. K(x, y) r= .Vy@, 01 > 0, jI > 0, X, y > 0. It is well known that 
Then, by Theorem 6, Corollary 2 with t = @/(a + /3), we conclude that 
&-4~ + B)) xut67 @/(a + /I))y”+“) is the unique minimal pair (up to a constant) 
of the given kernel. 
EXAMPLE 4. K(x,y) = CT cixelyfli, cd > 0, ai > 0, j3i > 0, and X, y > 0. 
Example 3 and Theorems 6 and 7 imply that 
is the unique minimal pair (up to a constant) of K(x, y). In pa&&r, for 
K(x, y) = 6x3~~ + x2y5, the solution is ((18/S) x5 + (2/7) x7 - (41/280), 
W/5)y5 + (5/7)y7 + (41/280)) on any interval of nonnegative real numbers. 
THEOREM 8. Suppose K is dtzerentiable and there exists a differentiable 
admissible pair (f, g) for which N(f, g) = sI K(x, b + a - x) dx. Then, 
(4 (f(x), g(b + a - YN g ives a basic decomposition of K(x, b + a - y), 
(b) (f(x), g(y)) is th e unique diferentiable minimal pair of K, and 
(c) f’(x) = K%(x, b + a - x) and g’(y) = K,(b + a - y, y). 
Proof. Define @x, y) = K(x, b + a - y). Since (f(x), g(y)) is admissible 
for K(x, y), (f(x), g(b + a - y)) is admissible for X(X, y). Moreover, 
N(f(x), g(y)) = N( f(x), g(b + a - y)) = s, x(x, X) dx. Hence, by Theorem 6, 
f(x) + g(b -+ a - X) = x(x, x) = K(x, b + a - x) and (f(x), g(b + a - y)) 
is the unique differentiable minimal pair of R(x, y). Then, by Theorem 3, 
(f(x), g(y)) is the unique differentiable minimal pair of K(x, b + a - y) = 
K(x, y). This completes the proof of (a) and (b). Let g”(z) = g(b + a - x). By 
Theorem 6, 
f’(x) = &(x, x) =- KJx, b + a - x) 
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and 
‘F(Y) = my, y) = -KAY, b -I a - Y). 
The latter equality implies g’(y) = K,(b + a - y, y). This completes the proof. 
EXAMPLE 5. K(x, y) : = (x2 - y’)“, I L= [0, I]. Since si K(x, x) dx == 0 and 
J:, K(x, 1 - x) dx 2 5, we know that only K(x, 1 - y) can admit a basic 
decomposition. So we try 
Thus, 
f’(x) K,?(X, 1 - x) =: 4x(2x - 1) _= 8x2 - 4x. 
f(x) = px3 - 2x2 + c. 
Since K is symmetric we take g == f and we find the constant c by using 
f(x) + f (1 - x) = K(x, 1 - x). This gives c :=- 4. One can easily check 
8 admissibility. Hence, by Theorem 8, gx 3 - 2x2 + 4 is the unique differentiable 
minimal fixed point of (x’ - y2)2 on [0, 11. 
All of the kernels that we have considered up to this point have had a unique 
minimal pair, which we have been able to calculate by finding a basic decomposi- 
tion of either K(x, y) or K(r, a + b - y). Our next example is of a kernel 
which admits a solution of each of these types, valid on different intervals. We 
look at what happens on an interval for which neither solution holds. 
EXAMPLE 6. Let K(x, y) =-: -(x + Y)~, 1 = [a, b], and c = a + b. Since K 
is symmetric, if it admits a basic decomposition, the corresponding unique 
differentiable minimal fixed point is f(x) I= &K(x, X) == -4x3. This will be 
the solution on any interval for which -4x5 -- 4y3 > -(x + y)“, which reduces 
to (x - y)” (x + y) < 0. It is clear that this inequality holds for all x, y in I, 
exactly when I contains no positive numbers. That is, this solution is valid 
whenever b < 0. To find a fixed point corresponding to a basic decomposition 
of K(x, c - y), we integrate f’(x) == K%(x, c - x) = -3c2, obtaining f(x) = 
-39x + d. The constant d is found from/(x) + f (c - x) = K(x, c - x) to be 
c3. Now we wish to find the intervals on which -3c2x + ca is admissible. 
-3c*(x + y) + 2c3 >, -(x + y)” is equivalent to (x + y - c)” (x + y + 2c) > 0 
and this holds exactly when x + y > -2~. If we have an interval [a, b] of 
nonnegative numbers, this will always be true. If a < 0, then the inequality 
will hold provided 2a 2 -2(u + b), i.e., b 3 -2~. Suppose, for example, we 
wish to find a minimal fixed point of K on [- 1, 11. It follows from the previous 
discussion thatfr(x) = -4x3 minimal on [- 1, t] for t < 0 andf.(x) = c”(c -- 3x) 
is minimal on [t, l] for t > - $ where c = 1 + t. For what t can we join these 
two solutions at t to obtain a continuous function? We must have 
(1 + t)2 (1 - 2t) = -4t3, which implies t = - +. It is easy to check that 
fi 3 fi on [-1, - $J and fi < fi on [- 4, 11. We now claim that f, defined by 
f = fi on [--I, - +] and f = fi on [- $, 11, is a fixed point of K(x,y) = 
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-(x + y)s on [- 1, l] and we also claim that this f is the unique piecewise 
differentiable minimal fixed point of -(.x + Y)” on [- 1, I]. These two asser- 
tions are consequences of the following theorems. 
THEOREM 9. Let I1 = [a, t] and I, = [t, b]. Suppose (fi , g,) is stationary on 
I1 , ( fi , gJ is stationary on I, , fi > fz and g, > g, on I1 , and f1 < fi and g, < g, 
on I2 . Then (f, g), defined bJ1 f -= fi , g 3 gl on I, and f =-: fi , g : g, on I2 , 
is stationary on I -.= [a, b]. 
Proof. 
sUI’iK@s Y> - &‘(Y)) = n~x+uP@% Y) - &(Y))> suP(%G Y) - g,(Y))) 
YEI YEI, YEI 
= max{fi(x),fi(x)j = f(x). 
Similarly, (Tlf) (y) = g(y) on I. 
THEOREM 10. Let K be a given kernel on an interval I = [a, b], which is 
partitioned into two subintervaZs I1 = [a, t] and I, =: [t, b]. Let (fi , gJ be a 
minimal pair of K on I1 and ( fi , gJ be a minimal pair of K on I, . Suppose (f, g), 
defined by f = fi , g = g, on I, , f == fi , g = g2 on I2 , is admissible on I. Then, 
(f, g) is a minimal pair of K on I. If (fi , gi) is unique on Ii , i = 1, 2, then 
(f, g) is unique on I. 
Proof. Let (p, q) be any admissible pair on I x I. Then, in particular, 
(p, 4) is admissible on II and I, . Thus, 
1 (P f d 3 j (fi i-g,) and 
‘1, 11 
jIvCp + q) 2 j (fi +g& 
I2 
iZdding these inequalities and using the definitions off and g we get, 
J)P + 4) 2 l(f +g). 
By assumption (f, g) is admissible on I. Hence, (f, g) is a minimal pair on I. If 
(p, q) is minimal on I, then we must have 
and jy2(P + 4) = j, (82 ‘r&d. 
That is, (p, q) is minimal on both I1 and I2 . By uniqueness (p, q) = (fi , gJ 
on II and (P, q) = (fi I gz) on I2 . 
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